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ABSTRACT: The black hole interior is a mysterious region of spacetime where non-perturbative
effects are sometimes important. These non-perturbative effects are believed to be highly
theory-dependent. We sharpen these statements by considering a setup where the state
of the black hole is in a superposition of states corresponding to boundary theories with
different couplings, entangled with a reference which keeps track of those couplings. The
entanglement wedge of the reference can then be interpreted as the bulk region most
sensitive to the values of the couplings. In simple bulk models, e.g., JT gravity + a matter
BCFT, the QES formula implies that the reference contains the black hole interior at late
times. We also analyze the Renyi-2 entropy tr p? of the reference, which can be viewed
as a diagnostic of chaos via the Loschmidt echo. We find explicitly the replica wormhole
that diagnoses the island and restores unitarity. Numerical and analytical evidence of these
statements in the SYK model is presented. Similar considerations are expected to apply in
higher dimensional AdS/CFT, for marginal and even irrelevant couplings.
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1 Introduction

The black hole interior is a mysterious region of spacetime where non-perturbative quantum
gravity effects are sometimes important. Despite the importance of such non-perturbative
effects, work from the past few decades supports the idea that “plain” gravity (e.g. a
sum over metrics and possibly a few light fields) knows a lot about fine-grained quantum
information. The paradigmatic examples of this include the geometrization of von Neumann
entropy in holographic systems, including its suitable generalization to generate the Page
curve of Hawking radiation of an evaporating black hole [1, 2]. Such features were thought
to require a UV complete theory of gravity, such as string theory, and obtaining them from
gravity came as a pleasant surprise.

Gravity, however, doesn’t know everything. It appears to know of the underlying
random unitary dynamics, but it fails to pin down a particular realization of those dynamics.
In particular, while gravity is able to reproduce arbitrary moments of the signal drawn from
an ensemble of random dynamics, it fails to capture the large fluctuations that come with a
given realization. This is a pretty big miss since the size of those fluctuations is of order
the signal.

A related point is that whereas the gravity calculations seem reliable for some universal
quantities, it seems to know only statistical properties about the non-perturbative effects
that are highly theory-dependent. For example, the spectral form factor, which at large
times probes the detailed energy spectrum of the black hole, is a highly erratic function
that depends sensitively on the couplings [3, 4]. Similarly, the black hole S-matrix that
governs the formation and evaporation of a black hole is suspected to be an erratic and
possibly pseudo-random matrix [5]. Presumably a precise computation of such quantities
from the bulk point of view will involve strings, branes, half-wormholes [6], etc, and the
answers would depend on the particular string vacua.

The dependence of these non-perturbative effects on the couplings of the theory suggests
that the interior of the black hole is in some sense highly theory dependent. The goal of
our work will be to make this more precise in the context of bulk reconstruction. We will
consider models which admit an ensemble of boundary theories parameterized by a set
of boundary couplings, and analyze the sensitivity of bulk reconstruction on the level of
precision in specifying those couplings. This means we will look for instances where the
reconstruction fails, and map out which bulk regions are most sensitive to this. Hence,
those bulk regions require exquisite knowledge of the couplings to reconstruct.

Note added: as we were finishing this work, we became aware of work by Qi, Shangnan,
and Yang [7]. We have arranged to coordinate our preprints. See also [8].

1.1 Knowing the couplings — an operational definition

The first point we make precise is the notion of “knowing the couplings.” Suppose we have
a system whose Hamiltonian depends on a set of parameters J = {);}. For example, in
SYK it is natural to choose J = {Jijkl} to be the set of random couplings. However, in
general the couplings could be non-random, for example we could consider A/ = 4 and take



J ={g%,,}. We denote the state of the system prepared with those couplings as

W;J>sys. (1.1)

= |8+ 1i2T;J), . to be the thermofield double

sys sys
state associated to the Hamiltonian H(J) at some temperature 3 and some Lorentzian time

As a concrete example, we could take |¢; J)

T. Let’s imagine that these couplings are drawn form some distribution P(J). We can keep
track of this by using a standard method in quantum information theory of entangling the
system with a reference system labelled by the couplings

‘\Ij>sysujournal = Z \/ﬁwj;'nsys"]houmal- (1.2)
J

We call the reference system journal since in the SYK context it records the J’s. Tracing
over the journal, we get a density matrix

Psys = ZP(J)de(J) = <p1/J>J7 pw(J) = ‘1/];']><1/};J|sys : (13)
J

This state represents the situation where we have no information about the couplings. This
ignorance represented in equation (1.3) captured by the non-zero von Neumann entropy
between sys and journal. If we think of J as parameters in a disorder average, we may use
condensed matter jargon and refer to the von-Neumann entropy as the annealed entropy
S ((py) )\). In the above discussion we started with a pure state density matrix p, but after
averaging over J we get a mixed state. As a slight generalization, we could consider any
subsytem of sys, and get a similar formula, where py, is replaced by some partial trace of
|th; Wb I gy

The main question we’d like to answer is the following: how much of the bulk can be
reconstructed given the density matrix of the system after tracing out the reference? Or in
other words, how much of the bulk is contained within the entanglement wedge of sys? In a
theory with a semiclassical holographic dual, the answer is given by the quantum extremal
surface (QES) formula, which states that the boundary of the entanglement wedge is given
by the QES responsible for the von Neumann entropy S(sys). An alternative version of
this question is: how much of the bulk is contained within the entanglement wedge of the
reference? Since the S(sys) = S(journal) for a pure state, the entanglement wedge is simply
the complement of the entanglement wedge of sys.

Let us make some preliminary comments on what we mean by bulk reconstruction.
First notice that semi-classically, the entropy S(sys) > 0. The bulk matter is not pure,
since it is entangled with journal. This semi-classical entropy can “pollute” the bulk and
lead to problems with reconstructing any operator using traditional methods like HKLL [9].
Any matter in the bulk will generically interact (at least weakly) with the fields that are
sourced by the couplings we turn on at the boundary of AdS; this will cause problems
with reconstruction methods such as HKLL. We will not be discussing such semiclassical
problems in this paper. Instead, we will ask for bulk reconstruction in the modern sense of
entanglement wedge reconstruction [10, 11]. The failure of our ability to do reconstruction



will be a non-perturbative effect, signaled by replica wormholes and the appearance of
an island.

In the above discussion, we entangled sys to journal in such a way that the global state
is pure. However, one could also consider a setup where instead of entangling sys to a
journal, we instead classically correlate sys to a “pointer” system ptr:

PsysUptr = ZP(J)pTZJ(J) ® |J><‘]|ptr (14)
J

This mixed state would be the appropriate description of a setup where Alice flips some
coins and uses the outcome to decide which couplings to prepare the system in. In fact,
following the standard discussion of decoherence/measurement theory, this state can be
purified by adding an auxiliary system env. Often one adopts the interpretation that the
system ptr is a pointer or measurement device, and env is the environment. The purification
journal — |J>ptr ‘J>
over env gives (1.4). Alternatively, we can go the other direction: we start from the global

of this state is simply (1.2), where journal = ptr U env and |J) Tracing

env’

pure state of (1.2) and perform a complete measurement in the \ basis:

j | j |
|\I]><\Ij|sys U journal - Z I_IJJouma ‘\P><\P‘sys U journal HJJouma : (15)
J

Then relabelling journal — ptr, we obtain (1.4). Thus including the ptr system makes precise
the idea of having classical (e.g. decohered) knowledge of the couplings.

To ask about bulk reconstruction given perfect classical knowledge of the couplings is
to ask for the entanglement wedge of sys U ptr. Following the QES rules, we should compute
the von Neumann entropy of sys U ptr:

S(sys U ptr) = > P(3)S(py ZP ) log P(J). (1.6)
J

The first term is the von Neumann entropy, averaged over the couplings. If pg is pure, this
vanishes. But this formula also applies to an initially mixed state, or a subsystem, e.g., we
could take sys to be the left side of the thermofield double. Then the first term would be
the disorder-averaged thermal entropy, known as the quenched entropy, (S (py)), .-

The second term in (1.6) is the Shannon entropy of the couplings S(ptr). It is an
entirely classical entropy and does not play a role in determining the QES. To see this more
explicitly, note that (1.6) is a formula for the exact entropy of a boundary subsystem, but
in a holographic system we could also consider the reduced density matrix pauptr of the
semiclassical quantum fields in some bulk region A. This density matrix will have the same
form as (1.4), so a similar formula holds for the semi-classical bulk matter entropy:

Smatter (A U ptr) = ZP ZP Jog P(J), pf =HgpX™ M. (17

The second term is independent of the choice of A, so it will never contribute to the derivative
of the matter entropy (relevant for the QES). The conclusion is that the entanglement wedge
of sysUptr can be diagnosed by computing S(sys|ptr) = S(sysUptr) —S(ptr), which is simply
the quenched entropy. In this context, we have a QES formula for the conditional entropy:

S(sys|ptr) = min ext; [Area(dI)/(4G) + Smatter (I |ptr)] . (1.8)



To summarize, if we are interested in the entanglement wedge of sys with no knowledge
of the couplings whatsoever, we should compute the annealed entropy S((py);). If we are
interested in bulk reconstruction when we have perfect classical knowledge of the couplings
sys U ptr, we should compute the quenched entropy (S(py)) ;-

Note that whether we choose to entangle sys with a reference or classically correlate
sys to a pointer makes no difference for the density matrix pss. A crucial difference is for
the complement of sys: the density matrix of pp, is diagonal in the A basis whereas pjournal
has off-diagonal elements. Furthermore, the entanglement wedge of journal can contain an
island (as we will show), whereas a quick argument [12] rules out any possible island for
the entanglement wedge of ptr: for the pointer system, the matter conditional entropy is
positive S(Alptr) = S(A U ptr) — S(ptr) > 0 for any bulk region A, so adding any the bulk
region A can only increase the entropy. Therefore, any island QES must be non-minimal.

1.2 Both known and unknown couplings

More generally, we can imagine that all the couplings in journal can be divided into known
and unknown. We write J = {k, u} with x the known parameter(s) and p the unknown,
journal = known U unknown. The global state is a density matrix on sys U journal:

p=Y \/P(M,fi)P(uGﬁ) |95 5y X5 65y 1 |y @ 8K K known © [HXH  snknown (1.9)
Kb !

Here we are treating the known couplings as “classical” pointer states ptr, whereas the
unknown parameters are entangled. The reduced density matrices

pjournal = Z |M><M,|unknown ’H><H‘known \/P (M’ H) P (:u/7 K“) <1/); , ’k‘:’w; :U’/7 ’ﬂ>5y5 (110)
iU

Pknown = Z |’L€><’%|known P(H)a P(/-i) = ZP(:Uv ’%) (1'11)
K 1

We see that the density matrix of known is completely classical as before. Once we include
“known” couplings, the global state is not pure. Therefore, S(journal) # S(sys). Nevertheless,
a close analog is given by the conditional entropies:

S(sys|known) = S(unknown|known). (1.12)

This follows from (1.10). As we have already argued, the entanglement wedge of sys U known
may be diagnosed by computing the conditional entropy S(sys U known), and similarly
for the entanglement wedge of known U unknown. The equality of the above conditional
entropies essentially shows that the entanglement wedges are in fact complementary even
though the global state is not pure.

The fact that we are including the known couplings when computing the entanglement
wedges reflects the fact that the known couplings are completely classical, so there is no
obstruction to cloning. The experimentalist simply publishes in a journal the values of the
couplings in which she prepared her system.



2 The entanglement wedge with uncertain couplings

In this section we analyze the candidate entanglement wedges of the reference keeping track
of the unknown couplings. This will be done in a bulk model of JT gravity [13-16] coupled
to general conformal matter:
- ¢ %
o= =Sox+ [ -(R+2)+ % [ 2K +log Zeerlg) (2.1)
¥, 4m 4 Jos,

where x is the Euler characteristic. We will specialize to a concrete BCFT when needed.

The couplings in this model will be the choice of CF'T boundary conditions along the
AdS boundary, which we label |J) and interpret as arising from a holographic boundary
Hamiltonian H ;. We require the state |J) to be a conformally invariant Cardy state. Here
J could be a discrete variable (e.g., if the CFT is a minimal model) or continuous. We will
study the state given by entangling the thermofield double to the journal as in (1.2):

‘\Ij>sys Ujournal = Z \/ P(J)|/B + 2ZT7 J>sys’<]>journal (22)
J

where the time-evolved thermofield double |8+ 2iT,J) = e LT 1B, J)sys- We will

frequently drop the 2¢T and think of 8 as a complex number. The reduced density matrix

Piournal = Y _ A/ P()P(I) (B, J'|8,T) [1){J ljournal- (2.3)

J,J’!

To compute the entanglement wedge of the journal, we will use the QES formula [17, 18]:

S(journal) = min {extf [Z ¢(OI) + Sm(I Ujournal)] } . (2.4)

ol

Here we are instructed to compute the generalized entropy of extremal islands, and then
pick the smallest extremized entropy. Note that for marginal deformations of the boundary
theory, we expect the dilaton to be independent of the boundary state J. Hence the
non-trivial calculation is just the matter entropy in (2.4). We will compute this in some
special cases in this section.

Before getting into the weeds, let us clarify somewhat the interpretation of the calcula-
tion. We are thinking of the above theory as an effective theory of the bulk. It is not UV
complete due to divergences when wormholes get narrow [19]. We do not know what the
precise boundary dual of this bulk model is (or even if it exists). The simplest possibility
is that the boundary dual is a theory with a small number of couplings. For example,
one might be able to embed such a setup in a traditional higher dimensional example of
AdS/CFT by considering near extremal black holes in AdS. In this case, we assume that all
of the couplings besides J are fixed, and the state of the combined system is given by (2.2).

However, it is also possible that the gravity description only arises after a disorder
average over other random couplings, like in pure JT gravity [19] or in SYK [20]. In this
case, the above (2.2) and (2.3) are not quite right; instead, we assume that the additional



couplings are “known” while the J couplings are unknown, and use (1.9). The density
matrix of sys U unknown would be

PsysUunknown = ¥ P(R)\/P()P(J") |B; 5, TXB5 s T gy @ [TXT | ymcnown (2.5)
K,J,J’

Then following (1.7) we would interpret the QES computation as giving the conditional
entropy S(unknown|known):

S(unknown|known) = min {extf lz #(0I) + (Sm(1 U unknown))] } . (2.6)
oI

Here we have used Smatter (I U unknown|known) = (Smatter (I U unknown)), where (---) is a
disorder average with respect to the known couplings, see (1.7) and (1.8).

2.1 Inconsistency of the trivial surface

Here we analyze the contribution from the trivial surface, namely where the entanglement
wedge of the reference doesn’t include any part of the gravitational system. The entire
bulk is encoded on the boundary. We will find that this contribution to the entanglement
between the boundary and the reference leads to an ever growing entropy, producing to a
Hawking-like information paradox. This signals that at late times, the couplings should
contain an island, to prevent the entropy from growing.

To compute the entropy of the trivial surface, all we need is the bulk matter entropy.
The most straightforward way of getting this is by computing the entropy of the density
matrix (2.3) using the replica trick while freezing the gravitational saddle to be the product
of Euclidean cigars on the n copies. The n-th Renyi entropy' of the journal is therefore
given by the path integral with the boundary conditions Z, = tr pl} \ ..n

n
= /H P(Jy)dJ; T[(B, JilB, Jix1),
i=1 i=1
where Jy+1 = Ji.

In the above drawing, we are supposed to sum over all the indices, weighted by the
probability distribution P(J;). The overlaps can be represented as the BCFT disk partition
function in the presence of boundary changing operators.

(B8, JilB, Jit1) = <OJiJi+1(O)OJi+1,Jz‘ (T)>disk , T=pB/2. (2.8)

In the standard quantum information literature, the Renyi’s usually refer to S, = ﬁ log Ry ; here we
will refer to both S, and R,, as Renyi entropy.



where Oy, 5., (7) changes the boundary condition by J;11 — J; as 7 is crossed along the
path integral contour. They satisfy (O, .., (7'))T = 0y,,,,7,(—7), and behave as primary
operators with a dimension that depends on the boundary conditions A[J;+1,J;], and their
two point function is

ZA[Ji+1,J¢}
e } (2.9)

Bsin(nt/p)

Here the € comes from the Weyl factor evaluated on the boundary. Instead of consisting

<OJ¢,JZ‘+1 (O)OJ¢+1,J¢ (T)>disk = [

a product of n disks, we may equivalently consider the quotient picture where we instead
consider the n-fold tensor product of the CFT on a single disk, with only 2 boundary
condition changing operators:

+
Z, = O{J} O{J} (2.10)

In this picture, the black dot represents a composite boundary condition changing operator
Oy = 04,,5, @04,,55 @ -+ - ® Oy, j, Which shifts the boundary condition {J1, J2 - -+ Jp} —
{Ja,J3 -+ J1}. This quotient picture is a bit overkill for the no-island computation, but we
are introducing it now since it will be crucial when the QES is non-trivial.

Since we are interested in the time evolution of the entropy, we need to consider the
Renyi computation in the time evolved state |5 + 2iT, J) = e‘iH%T\ﬁ, J). We can achieve
this by setting 7 = /2 +iT. The overlaps become

QA[Ji+1,Ji}
e } (2.11)

S cosh(nT/p)

Notice that all off-diagonal matrix elements are decaying to zero at large T'; only the

(B + 2T, J;|B + 2T, Jiy1) = l:

diagonal terms where A =0, e.g., J; = J;11 do not decay. This implies that at late times
the matter is close to maximally mixed.
Putting this back into the Renyi entropy, we get

Z, :/EdJiP(Ji) {5(;05&:@/5)

So the only dynamical input we need from the particular CFT to evaluate these Renyi

Z?:l QA[JH_LJZ'}
] (2.12)

entropies is the boundary dimensions A[J;11,J;]. In appendix B we consider a generic
BCFT with 2 boundary states. Here we will consider a non-compact boson, with action
1

2ra

S =

/ d?20X0X (2.13)

The boundary conditions we consider are simply Dirichlet conditions on the free field,
labeled by X. The boundary condition changing operator? changes the value of the field

2A quick way to see that changing Dirichlet conditions behaves as a local boundary primary is to use
T-duality, which relates this setup to the insertion of a vertex operator with momentum k on the boundary
(with standard Neumann condtions.) We thank Juan Maldacena for pointing this out.



from X to X5. Its dimension is equal to the energy on the theory on the strip, which is
given by

s _ 2
Ay = 4730//0 (00 X)2do = (Xl%X?) (2.14)
This is familiar from string theory. The mass of a bosonic open string of level N = 1 which
stretches between two D-branes is M? = (X7 — X3)?/(2ma’)?. We will take a Gaussian
measure over the boundary conditions p(X) = \/%e_mQX */2_ In terms of the boundary dual,
we are considering an ensemble of boundary Hamiltonians parameterized by a marginal
coupling J that changes the Dirichlet condition of the bulk field X; the ensemble for this
boundary coupling is Gaussian distributed.

Then equation (2.12) becomes

Z, = (\/%)n/l—f[ldxz exp {—; (xf + a(z; — $i+1)2>:|

8 - (2.15)
_ 1 T
= (et M), 0= g log [w cosh 5} o = mA
Here M, is an n X n matrix; to take n = 5 for example:
204+1 —a 0 0 —a
—a 2a+1 —a 0 0
Ms = 0 —a 2a+1 —a 0 (2.16)
0 0 —a 2a+1 —a
—a 0 0 —a 2a+1
Here the determinant is a polynomial in a:
n—1
2n — k n
det M,, = F 2.17
o ;( k >2n—ka 217)
=0
This sum can be analytically continued to complex n:
1+ +vda+1
det M, = ()" + ()" 20", ds = % (2.18)

One can show that for integer n the Taylor series of this expression in a reproduces the
polynomial (2.17). Furthermore, this function satisfies Carlson’s theorem, since it grows
exponentially in n on the real axis, but only oscillates along the imaginary axis. Then
differentiating and taking the n — 1 limit of the normalized Renyi entropy we get

S = — OnZnl,_, = Iog;“) + Vo + Teoth™! (VAa+1) (2.19)

At late times, a > 1 so®

1 1 T
Sy = 3 loga+2 ~ 3 log () . (2.20)

Ba'm?

3Note that we could derive the large time expansion by simply taking det M ~ n2a™"!.



In general, the entropy monotonically increases. This growth results from states with
different boundary conditions becoming more orthogonal under time evolution. If we had ¢
independent free bosons, each with uncorrelated boundary conditions, the entropy would
simply be ¢ times the above answer.

This entropy eventually competes with the thermal entropy of the wormhole, which at
low temperatures is S = 2S5y + O(1/f), and produces a unitarity problem when

T/B ~ dma/m2e*S0/e=4, (2.21)

This signals that the trivial surface eventually becomes subdominant in the full non-
perturbative calculation of the entropy of the unknown couplings entropy, or equivalently
of the system.? It suggests that some part of the bulk might become inaccessible to the
boundary system, falling out of it’s entanglement wedge as a result of the uncertainty in
the couplings.

It is also interesting to note the dependence of this time scale on the uncertainty in the
couplings. For that, we use the Shannon entropy of the dimensionless variable (a/ )1/ 2X,
which for a Gaussian distribution is

2
Sen(X) = g (1 +log m;) (2.22)

Recall that m is the inverse width of the distribution, and the increase of Sg,(X) as m
decreases is consistent with there being more uncertainty. The time scale is

T/B ~ o 2[250—Ssu (X)) (2.23)

Thus, the transition time is sooner for higher uncertainty. This can be used to make the
transition time less than exponential in the entropy, and seemingly as small as desired by
considering a wide enough distribution for the couplings.

2.2 Matter entropy for semi-infinite interval

Before addressing the matter entropy of an island, let us consider the matter entropy of
a semi-infinite interval (a “peninsula”). This may be viewed as a warmup to the island
calculation, which we will see reduces to the peninsula calculation at late times. It is also
the relevant computation for the entanglement wedge of the left side of the boundary system,
tracing out the right side and the journal. If the journal is empty, the QES lives at the
bifurcate horizon; with a journal, we expect the QES to shift to the left.

To compute the matter entropy, we will follow the same strategy as above. First note
that the left density matrix

eiﬁHJ

=Y PG (2.24)

J

4Note that whether we choose to regulate the problem by compactifying the boson X ~ X + 27 R or by
changing the measure so that X2 ~ 1/m, the net result is quite similar. See appendix A.



For a free boson, the disk partition function Z;($) is independent of .J, so we can ignore
the denominator (it will just contribute to an overall normalization of the density matrix).
More generally, for a BCFT on a disk one can we write Z;(5) = g(J)Z (), where log g(J) is
the “boundary entropy” which is the boundary analog of the central charge [21].> Therefore
we can absorb g(.J) into the definition of P(.J). Then the computation of the unnormalized
density matrix tr p} is given by

This is a path integral on a cone with boundary total length Sn. Each segment of length £
has some (generically different) boundary conditions J;. So there are n boundary condition
changing operators on the disk. We can quotient the picture to obtain:

Ji
Z, = (2.26)

Jis1

In the quotient picture, the CFT is again the n-fold tensor product of the seed theory, now
with only a single boundary condition changing operator Oy, and a twist operator o. We
will compute the matter entropy as a function of the position of the twist operator. The
virtue of the quotient picture is that whereas before we had an n-pt function on the disk,
now we only have a bulk-to-boundary 2-pt function, which is fixed by conformal symmetry:

(o(z, E)Ob(y»disk X (1 — |Z|2)2h_1hb‘1 _ Z:lﬂZhb (2.27)

We can obtain this by mapping the disk to the upper half plane, and then using the doubling
trick to relate the correlator to a chiral three-pt function on the plane. This is the 2-pt
function on a flat disk. We are interested in the Poincaré disk ds? = 4dzdz/(1 — |z|?)? with
a circular boundary of circumference 3/e at (1 — |z|?)/2 = 2m¢/B, so a Weyl transformation
leaves us with

hy
— ca({T}) (2“(1"2'2)> . (2.28)

(0(2,2)00(0")) TP

AdS

Note that this expression is invariant under rotational (boost) symmetry z — ze® y — ye'.
In our problem, the boundary condition changing operator is on the left side at y = —1

57 (B) is generated from the conformal anomaly, which only depends on the central charge.

~10 -



and z is real. The dependence on X and comes in via both hpg and the BOE coefficient
¢n({J}). In principle one can evaluate this coefficient, which is related to an n-pt function
of boundary vertex operators on a disk:

cn({J}) = fi’lUi_‘UU‘2<v (2.29)

1<j

. X\ 2
where wy, = e2™*k=1/" Together hy oc —2 (%) /o, (2.28) reduces to “just” a Gaussian

integral. Nevertheless, the ¢, ({J}) factors lead to a sufficiently complicated determinant
that analytically continuing the answer in n is not easy. However, defining
1 | < I5] 1+Z> dewist

4m2a/m? 2rel —z)  2m2a’m?’

(2.30)

a =

where duyist is the distance from the boundary to the twist operator.2 we expect that when
a > 1, the integral will be dominated by the second factor in (2.28), which is much more
sharply peaked in X2. The entropy with then be of the form (2.15) where a — a.

The entropy in the limit of large a is

1
Sm~ gInat ... (2.31)

At fixed o/m?, this answer is expected® to be valid when z + 1 > €!/2

, €.g., as long as the
twist operator is far from the boundary cutoff.
To find the QES, we need the profile of the dilaton, which in these coordinates is
= 2wy 1+ |22
B 1-z

In general, there will be a QES to the left of the horizon as long as ¢, /e > 1, e.g., as long

(2.32)

as ¢, is fixed in the ¢ — 0 limit. This is shown in figure 1. Balancing out the derivatives of
the ¢ and S,, places the QES at

_ p
#QEs = " 27¢, In B/ (2me)

This is just outside the left horizon. To leading order in 1/a we find no dependence of the

location of the QES on the degree of uncertainty of the couplings m?.

(2.33)

2.3 Entropy of the island

Let us finally consider the matter entropy of an island S,,(I U journal). Again consider
the n-th Renyi entropy of the semiclassical theory. Like in the case of the trivial surface,
there are 2 boundary condition changing operators; now, there are also 2 twist operators in
the bulk:

J.
Z, - i+ (2.34)

J|

5The only possible complication is that the n — 1 limit does not commute with & — co.
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Figure 1. Generalized entropy S, + ¢ — ¢o as a function of the real coordinate z. Here S,, is the
matter entropy of an interval [—1 + €l/?, z]. For large values of ¢y, there is a QES near the horizon.
As ¢, gets smaller, the QES shifts closer to the left side.

One can ask what happens when we bring one of the twist operators very close to a boundary
operator. This is a bulk-boundary OPE (sometimes referred to as a BOE) limit. More
explicitly, we can expand both twist operators in terms of boundary primaries and their
descendants. Then we are left with a boundary 4-pt function. In the limit that two of the
points are close, only the boundary identity will contribute:

(O )o(z1, 7)o (2, 2)00 1y (92)) = ’|‘ ’|‘ (2.35)

°® ®
: T
0{1} id O{J}

Let us consider the entropy of a finite interval with both endpoints near the horizon at very
late times. This is a bulk-boundary OPE limit: the distance to the horizon is fixed whereas
the length of the wormhole is growing linearly with time. So we expect the above four point
function to factorize:

(Oy(y1)o(z1,21))(0 (22, 22) O} 1y (1)) (2.36)

The Renyi entropy, however, doesn’t factorize, but is instead given by correlated sum of the
above product:

L4707 (O3 ) a1, 20 (22, 2000, 12 (2.37)
=1

In the frame where we evolve in time symmetrically on the left and right, the problem has
a symmetry that interchanges the left and right sides. This allows us to consider instead
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the quantity
JTLasip(a) (r(z2, )0} 92))* (238)
=1

This is identical to the single interval case, but with @ — 2a. This minor modification does
not change the location of the QES. See figure 14.

This case demonstrates the strong sensitivity of the black hole interior to the values
of the couplings. The Page-like transition gives a limit to the allowed uncertainty in the
couplings, as measured by the entropy between the journal and the boundary, after which
the entanglement wedge snaps and the interior falls outside the entanglement wedge of
the boundary.

3 Renyi entropies in gravity and SYK

In the previous section, we discussed a model where the reconstructability absent precise
knowledge of the couplings could be directly probed by finding the QES of the unknown
couplings. Not all models enjoy this level solvability. However, it is sometimes easier
to compute the Renyi entropy in these more general models. Thankfully, there are two
signatures of the presence of a QES from the Renyi entropy. The first is a unitarity paradox
where the semi-classical saddle produces a Renyi entropy too small to be consistent with
the dimensionality of the Hilbert space of the system. The second signature (and what fixes
the first) is the presence of Replica wormholes. In solvable models, the QES prescription
falls out of the n — 1 limit of the n-th Renyi entropy computation.

In this section, we study the n = 2 Renyi entropy in both JT gravity and SYK. This
will be done using various methods/regimes, including the low temperature Schwarzian
regime, at large ¢, and also numerically via exact diagonalization of the SYK Hamiltonian.
We will again find signatures of the failure of reconstruction due to insufficient knowledge
of the couplings. We will also consider the case where the unknown couplings correspond
to an irrelevant deformation of the system.

3.1 Disk contribution

As an intermediate step for the Renyi computation, we will compute elements of the journal
density matrix. In any holographic theory, this is determined by a computation like

(Jlp]J") o (3.1)

where we fill in some gravity solution (gray) with the appropriate boundary conditions that
correspond to evolution by H + x(u)Oa. x(u) takes the value J for 0 < u < 7 (blue) and
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the value J' (red) for the other part of the circle 7 < u < 3, which determines the boundary
conditions of the bulk scalar field x. By taking 7 = /2 + T one can study the matrix
elements as a function of real time 7.

To make further progress, we will now assume that field dual to Op is a free field in
AdS,. We can then integrate out the field to get an effective matter action

A
/ /
I, =D / dun duy | — ) () o () () (3.2)
QSin2 ( (U1)2 (UQ))
_1
where D = W. In computing the overlap, we should divide by the norms of the
" 2

states \/(J|J) (J'|J'); but these are not time dependent and do not play an important
conceptual role. Following the discussion of the free boson in the previous section, we
will now specialize to the case of a marginal deformation A = 1, where the computation
simplifies significantly and the full gravitational backreaction can be computed. For one
thing, we may shift the J — J + a, J' — J' + a without changing the value of the overlap,
so without loss of generality we may set J' = 0. In appendix D we evaluate this integral
for the special case of a marginal deformation A = 1, giving an answer that is remarkably
bi-local in ©; and wus:

0

241 ! _TN\2

I _ | €1 (u1)t'(u2) R (J—J) (3.3)
sin? (00 2

where € is a UV regulator. This precisely agrees with the dimension of the boundary
condition changing operator we found in (2.14) if we set o’ = 1/(27) so that the scalar is
canonically normalized. Note that the final form is consistent with a picture where we have
inserted a bulk “domain wall” of mass ~ ¢ that separates the J and J’ vacua. The domain
wall is where the gradient of the bulk field is appreciable; it is not a thin wall.

This matter action is valid for an off-shell ¢(u). In other words, we can include the
gravitational backreaction by integrating over t(u) with the Schwarzian action appropriate
for the disk. This is the same action we would have gotten from inserting two local operators
of NCFT; dimension ¢ at u = 0 and u. For a free scalar field in the bulk, these expressions
combined with the results for the Schwarzian n-pt functions [22-25] give us the exact disk
contribution, summing over all quantum fluctuations of the boundary mode.

The fact that we have an exact quantum expression for the Renyi entropy gives us
confidence that there is really an information paradox if we just focus on the disk. Although
in the classical approximation, the disk contribution decays exponentially, without the
quantum expressions, we would not be confident that the disk decays to a value smaller

S0 Indeed, the quantum modifications show

than what is required by unitarity ~ e~
that the exponential decay is replaced by a power law decay ~ T3, with the exponent

independent of 6.
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Here we would also like to comment that the above result also applies to SYK in the
Schwarzian limit. We will use the following conventions for SYK:

, NJ? NJ?
Hsvyk = 14/2 Z Jiy.igWiy - - Vi, <Ji21...iq> = = o
1<i1...<ig <N q(q) 2q (q)

{¥i, 5} = 20i5 (3.4)

To mimic the above expressions, we can imagine turning on a deformation by another
SYK Hamiltonian,

H = Hsyk(J1, q1) + x(uw)Hsyk (J2, q2) (3.5)

Here Ji, Jy are distributed like in (3.4). We can introduce a G, ¥ action by following the
usual steps, only integrating out both J; and Js to obtain an action Iy + I,;,, where

2
—Iy/N =logPf (0; — X) — %/dﬁdm lE (11,72) G (T1,7T2) — {]G (11,72)?

~ a—js/du {tan 7Ttéu),u}

2 /
~Ipp/N = é]q,/dul dug [G(uy,ug)]? x(u1)x(uz)

, , q/q
~ /dul duy | — (ui)t (uf) Xe(wn)xr(u2), X = x(u)p?/?
281112 ( (ul); (u2))

2
couplings. The relative normalization of the two terms is controlled by the magnitude

where J2bir = (1 - %) tan(m/q). Here Iy comes from J; and I, comes from the J;

of x. Now in the low temperature, large N limit Iy|G, %] — Sch[t(u)] is replaced by the
Schwarzian action, where we integrate over t(u) instead of G, X. Similarly, the action I,
can be re-written in terms of the Schwarzian mode. Note that in writing these expressions,
we also assume that y is small so that we can simply integrate over the near-zero mode.
This is a similar approximation to what is discussed in [26].

We expect that the disk partition function at early times to be self-averaging both in J;
and Jy. Therefore, this computation has multiple interpretations. The first interpretation
is that we draw some particular choice of Jo and view the term Hsyk(J2) as a single
operator that is deforming the original theory. The journal records not the values of Jo but
merely a single coupling xg which is the overall normalization of the deformation. Then
the above action would govern the matrix element of the journal density matrix, e.g., an
overlap between TFD’s with different values of xo. Since the disk answer (for early times) is
self-averaging, we can average over Ji, Jy in this computation and derive the above effective
action in terms of G, X.

A second physically different setup is when xq is fixed, and the journal instead records
N
q/
in the next section that (3.6) will still be relevant for computing Renyi entropies, or the

the values of all ( ) couplings Jy. Then we think of J; as “known” or fixed. We will see

overlaps averaged over Js.
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3.2 Renyi-2 wormhole
The Renyi-2 entropy of the journal is given by

45 Penat = | PIPCI) ]p|T) (37)

As an intermediate step, we should compute the squares of density matrix elements. If we
plug in our answer for the density matrix elements (3.2), there will be a unitarity paradox
at late times. In particular, tr pj20uma| will decay to zero, which is impossible since it is
bounded by 277,

The resolution to this paradox is that the squares of the density matrix elements have an
additional contribution given by wormholes. In a theory with other “known” couplings, this
is an acceptable resolution, but such wormholes would violate factorization in a theory with
fixed couplings. To obtain the norm of the overlaps, we start with a Euclidean computation
real 7,7 and then analytically continuing 7 = /2 +4iT, 7 = 3/2 —iT":

| (B+ 2T, J|B + 2iT, J') |* = tr (e—%HJe—THJ/) tr (e—THJe—%HJ,)

ﬁ (3.8)
D)

In addition to the disk topology which we have already discussed, we have drawn a wormhole
contribution. We can think of this wormhole as being supported by the bulk “domain walls”
that separate the J and J’ region. Such a wormhole is closely related to the one described
by Douglas Stanford in appendix B of [27].

Let us outline the steps to obtaining the wormhole, leaving a more thorough discussion
to appendix D. We will start with the double trumpet geometry, with a cutout parameterized
by two boundary times 77 (ur) and Tr(ug). First, we turn on a source xz, on the left side
from times in (0,7) and a source xr which is on from times in (7, #). This leads to a matter
action that has LL correlators, RR correlators, as well as LR cross terms.

Ty (u1)Tx(uz2)

cosh? ( Ty ETR )

_I;/?vmormhole — D/du1 du2

A
] xz(u1)xr(u2)

A
17 (u1) Ty (u2)
sinh? (To(e) Tue2)) X (ur)xr(w) (3.9)

Th(u1)Tx(u2)

i sinh2<Twu>;T’R(1u))] Xr(u1)xr(u2)

In principle, one should evaluate this integral for off-shell 17, T, and then find the classical
solution. For A = 1 the integral can be performed but the answer is a bit complicated.
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However, large Lorentzian times 7', a sensible ansatz is that the distance between the quench
sites on opposite sides of the wormhole and u and us. In the above picture (3.8), we are
saying that the domain walls that cross the wormhole on the “front” and “back” sides have
fixed length at large 7. With this ansatz, one can show that the above matter integral
becomes the insertion of two domain wall operators:

5
T, (u1) TR (uz2)

o (Ti5) (3.10)

€_Im — CLR(

u17u4)CLR(u2>u3)a C=

Since the overall effect of the matter is local, the on-shell solution must again be semi-circular
arcs, with junctions at the quench sites. Therefore the wormhole can be obtained by starting
with two copies of the disk geometry in (3.1), one for the “front side” of the wormhole and
the other for the “back side.” Then one cuts both of these disks and pastes them together
along two geodesics so that there is no bulk discontinuity. The key equation we will need is
the effective energy of the solution, or equivalently the circumference Sg of the pieces of the
disk that we use to make the solution. This is the same energy on all pieces of the solution
away from the quench sites. It is determined by imposing SL(2,R) charge conservation at
the quench sites, see D. The result is that for any T,

8\ 8k

For small values of 63, we get ,8% = m23/§. Several aspects of the wormhole geometry are
discussed in Dj; here we will just check that the wormhole resolves the unitarity problem.
To do so in a semi-classical approximation, we need to evaluate the on-shell value of

exp (—IworthIe) CER (uy, ug)CF R (ug, u3). (3.12)

Let us now evaluate I"™hole in) the limit of small 65 and show that this resolves the potential
unitarity paradox at large T. There are two Schwarzian boundaries in the computation,
both of which have the same action. The left boundary consists of two arcs:

mt(u ™\’
gy = 2/duL{tan té Lty =2p +7) (ﬁE) (3.13)
= 213/ Bp.

The correlators are essentially on opposite sides of an effective thermofield double Sg, so

they take thermal values:

Zwormhole ~ €Xp (—471'%6/5%) 5545- (314)

We see that the classical action approaches a value independent of T" at late times, which
resolves the potential unitarity paradox for the Renyi-2 entropy. More generally, from
the results in appendix D, we can see that the solution at general ¢T" will give an action
independent of 1" as both the distance across the wormhole and the action, including corner
contributions, will be time-independent.
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3.3 Numerics for finite N SYK

In this section, we resort to the numerical analysis of the n = 2 Renyi entropy of the journal
by exact diagonalization of the SYK Hamiltonian at finite N. We will present evidence
of the wormholes. The “known” couplings in all of our setups will be in a standard SYK
Hamiltonian with (J;f ) couplings. The “unknown” couplings will be additional unknown
couplings.

We argued around (1.12) that the relevant entropy that diagnoses the entanglement
wedge given the “known” couplings is the relative entropy S(unknown|known). The “condi-
tional” Renyi entropy whose n — 1 limit is equal to this conditional entropy is given by

Ro=3% P() > TPu) (05 pis kls pisr, ) s (3.15)
K Py i =1
S(unknown|known) = —8, Ry,| _,. (3.16)

An efficient numerical way to estimate the above quantity is to Monte Carlo sample
the quantity [[;Ly (¢; pi, &1 g1, K)gys from the distribution P(u1) -+ P(pn)P(x). The
conditional Renyi R, has the appealing feature that it is linear in P(k), as opposed to the
standard Renyi entropy of the full journal, which comes with a P"(k) factor.

We will now employ this method in studying Rs for various “unknown” deformations of
the SYK model. The first case we will consider is the ¢ = 4 SYK, where the couplings are
known with only limited precision. To model this, we decompose the usual SYK Hamiltonian
into two terms:

H = (Kiji + Jijr) Yitbjbidy, (3.17)

Here K are the known couplings, and J are the unknown couplings (the ones stored in the
journal). We can think of this setup as modeling a situation where the usual SYK couplings
are known but with some Gaussian errors. This is similar to (3.5), except that there we
were viewing the single coupling as an overall normalization of the second term; here, there
are (]X ) couplings in the journal. The conditional n = 2 Renyi entropy is given by

Ry = /dJOp(JO)/deJ’p(J)p(J/) |(B/2 +iT; Jo, J|B/2 +iT; Jo, J') |2 (3.18)

We would like to test whether wormholes contribute to the above calculation. To do so, we
consider the following “disk” approximation to Ro:

2
RYisk = ‘ / dJodJdJ p(Jo)p(J)p(J') (B2 +iT; Jo, J|B/2 4 iT; Jo, J') | (3.19)

In this approximation, we have averaged first, before squaring. In the large N analysis,
only disconnected solutions can contribute to the above quantity. If Ry is significantly
larger than Rgi5k7 we interpret this as evidence that a wormhole is dominating over the
disconnected solution.
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Figure 2. The conditional Renyi R, as a function of Lorentzian time evolution JT, obtained
by numerically diagonalizing the SYK Hamiltonian for N = 20, J = 16 and ngas = 3000. 1o
error bars are displayed. The solid curve is the full answer while the dashed curve is the “disk”
approximation RgiSk. We see that the disk approximation is good for early times, but decays too
rapidly at late times. Even without computing the full answer (in orange), the unitarity bound
tr p2 > 27N would rule out the disk answer at large times.

To Monte Carlo sample these integrals, we draw two independent SYK Hamiltonians H;
and Hy from Gaussian distributions. Then Hy = (cos#)H; £ (sin 6) Hy are also normalized
Hamiltonians such that (tr H3) = J?, (tr HyH_) = A2J?, where \? = cos(26). The
results are displayed in figure 2. The disk approximation is a good one at small JT but at
large values, we see that it significantly underestimates Ry. In fact, at very late times, the
underestimate is so bad that even without computing R, exactly, we can rule it out on the
grounds that it would violate unitarity.

We also consider deforming a standard ¢ = 4 SYK Hamiltonian with a single unknown
coupling x:

H = (Kyji) Vithsibnin + 19272 (1 - hgy) X (3.20)

Here Kjjj; are drawn from a Gaussian as usual with a variance set by (3.4); we also choose
X to be normally distributed, with a variance (x?) = €2J2. This may be thought of as a
variant of the problem in (3.5). The results are shown in figure 3. We see clear evidence of
a wormbhole, even when ¢o > 4. In fact, at the moderate values of N that we computed,
there does not seem to be a large qualitative difference between ¢o = 4 and g» > 4. This is
perhaps surprising since in the conformal regime, ¢o > 4 would correspond to an irrelevant
coupling whereas go = 4 would be marginal. To further test this interpretation, we compute
the G correlators numerically and see that they qualitatively agree with the predictions
given in the subsequent section on the large ¢ wormhole, see figure 4 for the case of many
marginal couplings and 5 for the case of a single irrelevant coupling. We also computed G| r
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Figure 3. N = 20, nas = 1000, 5J = 16,e = 0.1. We show ¢o = 4,6 deformations and 1o error
bars. Note that g2 = 6 is an irrelevant deformation, but the curves seem qualitatively similar to the
marginal case.

numerically and saw that it is nearly zero at early times Jt ~ 1 but becomes appreciable at
times that correspond to the wormhole/disk transition. More specifically, in figures 4 and 5
we compare

)

. 1 2T, J| Ui (B/2): 2T, J'

| (B + 2T, J|3 + 2T, J') |
(3.21)

(B+ 20T, J| i (B/2)bsi () |8 + 20T, J') (B + 20T, J'|8 + 20T, J)

‘GWH _
LL | — . .
[ (B + 2iT, J'|B + 2T, J) |2

i

where in the above expressions the overbar indicates averaging with respect to J and J'.
For the single coupling case, the fermion index i is summed over all N’ = N — g fermions
except those appearing in the deformation, whereas in the case of many marginal couplings,
the index 7 is summed over all N’ = N fermions. Of course our limited numerics cannot
conclusively test the conformal regime (N — oo, 5J > 1) where the term “irrelevant” has
a sharp meaning. Nevertheless, we conjecture that in the conformal/JT regime, there exist
wormbhole solutions for irrelevant couplings; we hope to report progress in this direction in
a future publication.

3.4 Large g SYK

In this section, we will consider the disk contribution to the Renyi-2 entropy in the N — oo
large ¢ SYK model. We will show that the disk contribution decays to zero at large
Lorentzian times, in conflict with unitarity. This suggests that there should be a wormhole
that dominates at late times. We show that the wormhole in the low temperature limit is
closely related to the Schwarzian wormhole described in the gravity section.

We will consider the disk solution for the thermal circle of length 5, with quench sites
at times 0 and 7. The couplings are constant in the segments (0,7) and (7, 3) and are
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Figure 4. The 2-pt correlator |G| as a function of Lorentzian time for the A = 0 disk and
wormhole for the case of many marginal couplings. We take N = 20, ngja1s = 600, 37 = 1, JT = 103.
Notice that as t — T we reach the second quench site. For the disk solution, a prediction from
the large q analysis is that the correlator becomes large on the disk, whereas it remains small
on the wormhole. This seems to be in rough agreement with the modest IV,¢ = 4 numerics. In
computing the correlator, we divide by the average norm (5 + 2iT, J|5 + 2iT, J') for the disk and
| (B + 2iT, J|B + 2iT, J') | for the wormhole.

1 E = =N = - E
\—‘\
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Figure 5. The 2-pt correlator |G| as a function of Lorentzian time, where a single irrelevant
g = 6 parameter is varied, as in figure 3. We take N = 20, ngas = 2000, 37 = 1, JT = 10°. The
correlators are qualitatively similar to the case with many marginal parameters in figure 4.
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Figure 6. Contour relevant for matrix element of journal. This can be obtained by considering a
red segment of length 7 and a blue segment of length 8 — 7, and then setting 7 = 5/2 + T

partially correlated between these two segments. Let us assume the correlation between
the couplings on the two sides is A> = e™#. When X\ = 1 there is no change in the coupling
at the quench sites; when \ = 0 the two sides are uncorrelated. The large ¢ equations of

motion are

01029t0c + 2.2 edtoc = 0, t1,t2 on same side (3.22)
01029otoc + 2e A JPedore = (), t1,to on opposite sides '

We will sometimes use the subscripts (toc,otoc) to emphasize when an equation applies
when both times are on the same side or on opposite sides of the quench. It is convenient
to define

Q =0(1—11)0(ta — 7) + O(1 — t2)O(t1 — 7)

(3.23)
Qtoc: = 07 Qotoc =1

Then, we can summarize (3.22) as
01029 + 272 exp (g — uf2:) = 0. (3.24)

In addition to the usual UV boundary condition g(7,7) = 0, we impose continuity at the
quench site:

g(t, _6) = g(t7 +6) (3‘25)
=g

g(t, T —€) (t, 7+ ¢€).

These boundary conditions follows from the fact that for very short times €, we can neglect
the interactions from [J. A useful trick is the following. Consider the field redefinition

g =g+ pd. (3.26)

Then the equations of motion and the boundary conditions are

01024 +2J%€9 =0,

g (3.27)
Gtoc —7 Yotoc — M-
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By using the variable § the equations of motion is uniform over the entire circle, at the
price of a discontinuous boundary condition. This discontinuous boundary condition is
considered in [28-30]. For general 7, see Streicher [29]. In our conventions,

2
o
edtoe = , O<ti<to<T 3.28
(j sin [Oéltlg + ’yl]) 1 2 ( )
edec = < a2 )2 ty<t; <7 (3.29)
J sin [agtig + 2] ) o '

egotoc — a10(2j72 :
AZsin [aq(ty — 7)]sin [aa(ty — T7)] — sin [ (81 — 7) + 7] sin [aa(ta — T) — 2] |
(3.30)

We also have the UV boundary conditions:
o; = J siny; (3.31)
. aqT + 0427_' 9 . T + 0427_’

sin | ———— +v £y2 ) = A sin — (3.32)

Here we are imagining solving the above equations for real 7,7 and then analytically
continuing and setting 7 = /2 + iT,7 = [3/2 — ¢T. The physical branch of the above
equations is the one that is continuously connected to the T'= 0, A = 1 solution. In figure 8
we solve for v numerically at T = 0 for varying 57. We also solve for v as a function of T
for fixed 57 in figure 9.

It is interesting to study these constraints for small v ~ o/ J:

Y1 E Y2 ; (alT + 042?)
— ~tan | —— ).
1— )2 2

(3.33)

This can be compared with a classical Schwarzian analysis for the insertion of a heavy
operator of dimension ¢ on the disk, which gives (see [31] equation 2.9):

itk tan <kﬂik27> . (3.34)

A 4C

This means that we may identify k;/2C = «; and (1 —\?)2CJ = d. Here C is the coefficient
of the Schwarzian action, which for large ¢ SYK is C' ~ N/J¢?. In the Schwarzian theory,
ki = 2wC/(BE)i, where Sg is the length of the circle that is pieced together to form the
disk solution.

The left hand side of the above equation is of order (3A)~! ~ (BJ(1 — A%))~!. So for
large SA, we have tan [% (a7 + aﬁ)} = 0. The correct branch is to take a7 + aoT = 27
and a7 — aoT = 0, which yields

a1 = s a9 = (3.35)

71'
T

S

This has a pleasing geometric interpretation for real 7,7. As we have noted, o; = 7/(8E);
where [ is the effective inverse temperature (e.g. correlators on the same side of the quench
agree with thermal correlators at a temperature 8;'.) The solution tells us to set (8g); = T
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Figure 7. Left: the ordinary extremal or zero temperature solution. Since the boundary particle
intercepts the asymptotic boundary, the total proper time is infinite. Right: if we take g = oo
while holding the mass of the brane constant, the solution pinches. This means that the correlator
between the quench sites is getting large. In the large g theory, we showed that the correlator in
fact becomes maximal eY = 1.
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Figure 8. Here we show v as a function of A for 5J = 200 and 57 = 800 in blue and orange
respectively. We also show in dashed lines the upper and lower bounds on « obtained analytically
(in a 1/8J expansion.) Note that for larger 5.7, v quickly obtains its maximal value 27/8 away
from A = 1.

and (Bg) = 7. This means the geometry has the form of two circles which are completely
“pinched.” Indeed, if we plug in this solution, we can compute the correlator (3.28) at ¢t; = 0
and to = 7. We see that e9 = 1, its maximal value. From the Schwarzian point of view, the
domain wall is so massive that it pinches the disk together. This is depicted in figure 7.

This should be contrasted with the case when Af < 1 in which case o;; = 27/8. So
for 7 = T large but general A\, we expect that 7/(5J) <~ < 2w /(8J). These bounds are
shown in figure 8.

We can use our results for v; = 75 to compute the 2-pt correlator e9(B:7) as a function
of 7, see figure 10. This will be needed for the evaluation of the on-shell action for the
Renyi-2 entropy in the next subsection.
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Figure 9. v, = 7§ as a function of J7T for fJ = 100. On the left, A = 0.9, whereas on the right
A = 0. Solid lines are obtained by numerically solving equation (3.32). The dashed lines are the
“pinching” approximation derived in (3.35). At large 87, pinching is a reasonable approximation
even when 1 — A2 is not small (left).
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Figure 10. Here we show the disk contribution to the 2-pt correlator e?(!1:#2) evaluated at the
quench sites (t; =0, to = /2 +4T) for A =0.3,0.4,0.5, and ST = 5. Note that at small values of
A the correlator stays large, which indicates that the distance between the quench sites is staying
relatively small, even at large Lorentzian times. This is qualitatively similar to the Schwarzian
behavior where the geometry gets pinched by the brane.

3.4.1 Evaluation of the action

Now we would like to evaluate the on-shell action of the disk. We start with the large-q
Liouville action [3]:

N
=i / divdts 91gdsg — AT el (3.36)
Then in terms of § (3.26):
N A
=i / dirdts 15059 + 12000050 — 1§ — 101G — 4T %D (3.37)

— 95—



1.5F 1
Z 1.0 ]
c:': — A=0
X A=0.75
5 A=0.9
= 0.5F 1 =Y.
<

0.0'x 1 1 1 |

0 5 10 15 20

JT

Figure 11. The large N on-shell action of the disk as a function of J7T for 5J = 5 for various
values of A\. The growth of the action implies that the typical overlap (TFD, J|TFD, J') ~ e~ ! is
shrinking as a function of time. Smaller values of A lead to more decorrelated states, which agrees
with the larger values of the action. The growth at late times suggests that there is a unitarity
problem if we only include the disk solution.

Let us consider 0S5/0u. Since we are evaluating the action on-shell, only the explicit
dependence contributes:

N
~08/0n= g3 / 913099 + 2910
N
= —8q2/dt181§(t1,7')sgn(t1 —7)+ /dt232§(77 ta)sgn(ta — ) (3.38)

- 2]: 6(r,7) — 5(8,7)]

So to compute the action, we may simply integrate the correlator as a function of A

N [l A
I(r,7) == [ 2X%dAlog 0
q° Ja=x sin (al()\)T +m (A))

(3.39)

In this expression, we have subtracted the action at A = 1, which is required when we
normalize the thermofield double. This expression can be computed numerically. We display
the result in figure 11. We see that the answer grows at late times 7. This suggests that
the disk contribution alone will lead to a violation of unitarity at late times. (It does not
prove that there is a violation since in principle quantum corrections could in principle stop
the growth, but based on both the quantum Schwarzian computations and the finite N

numerics, this seems unlikely.)

3.5 Wormbhole in large q SYK

Here we present a preliminary exploration of the wormhole in large ¢ SYK, leaving a more
thorough analysis for the future. When we introduce a second side, the large N variables
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Figure 12. Contour relevant for the Renyi-2 wormhole, with our conventions labeled. The black
arrows start at the points where ¢; = 0 and they point in the direction of positive ¢;. The correlator
between points t; and to behaves as if they are on two sides of a thermofield double.

include a g g. Remarkably in the standard large ¢ approximation, the g | and g r variables
are uncoupled in the equations of motion:

O10agLL = —2T % exp (gL — pUL), 010201r = 2T exp (gLr — HOUR) - (3.40)

Furthermore, the equations of motion just differ by a sign, which can be accounted for by
changing the direction of time. The basic idea is that using the same tricks as above, we
will have a grr that obeys a Liouville like equation. So we expect a solution that is very
similar to the Schwarzian wormhole, except that we “build” the solution from the large ¢
disk solution. More explicitly, consider an ansatz:

LR « 2 ~
e (gl 2)) = {Jsin o(um—m)+]) - PTET
2 2 —2
exp (gl(;tic(u;z,, ug)) = % lsin (o (us —a2) +7v) — J=A) sin (cus) sin (aﬂg)]
2 1— 2 -
exp (glétLoc(Ub U3)> = % lsin (a(ug —ug) +7v) — j(a) sin (cuy) sin (oug)
2
LL / _ «Q
e skl ) = [ 7y
(3.41)

We are adopting a convention where u; = 0 corresponds to a quench site, and the second
quench site on the left (right) side is at uy = 7 (ug = 7). Furthermore, uy, us runs clockwise
on the L.h.s., whereas uy runs counterclockwise on the r.h.s. So for example, the solution
gl'oFi is valid when ujus < 0 before u; or us cross another quench site. This accounts for
the sign difference in the equations of motion of (3.40). To analytically continue, we set
u; = it;. This gives a sign convention ¢; illustrated in figure 12. One can confirm that the
equations of motion are satisfied if & = sin~y. The remaining task is to determine « and the
time shift wup.
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As a warm-up, it is useful to reconsider the Schwarzian wormhole from a slightly
different perspective. There, too, the equations of motion are locally the same as for the
disk solution. The main idea is that we can build the wormhole by considering the disk
solution with some auxiliary temperature B,ux. The disk solution in the Schwarzian limit is
obtained by taking two disks of circumference Sr and joining them together at the quench
sites. The wormbhole is constructed by cutting along the diameter of each partial disk
and then gluing to another copy of the solution, see figure 16 and appendix D.1. Pasting
together the two solutions gives a new solution that is a topological cylinder.

Now before cutting, the total length of the doubled disk solution is 28,ux. When we
cut along the diameter of the partial disks and join the two copies, we remove a portion
of the boundary that has length 4 x (5g/2). Then requiring that the total length of the
boundary is 23 (a factor of 5 for each side) gives

2Baux — 265 = 28 (3.42)

Now for the disk solution, we have from (3.34)

IBauxﬂ') 4rC
—tan = —. 3.43
( 20E 0Bk (3.43)
Eliminating SBaux reproduces (3.11), as desired:
22
tan ( WB) = 0BE ~ (-2 )/BEJ. (3.44)
QBE 4wC 27

The last equality is based on the approximate relation derived in the previous subsection,
around (3.33).

Now we can follow the same strategy to find Sg as a function of S in the large ¢
solution. The key point is that although we do not have a clear geometric picture like
in the Schwarzian case, nevertheless the toc correlator is exactly thermal at an effective
temperature 1/, so the procedure is entirely analogous. In particular, just as we cut Sg/2
of the boundary particle on the partial disk, we remove /2 of the toc correlator, and paste
it to a second copy. If we enforce equation (3.42), this pasting procedure gives a smooth
correlator. Indeed, the special thing about removing exactly 8g/2 of the solution is that
the toc 2-pt function is minimized at this time. So when we continue the 2-pt function g g
onto the “back side” of the solution, there will be no discontinuity in any of its derivatives.

Now while (3.42) holds for both the Schwarzian and the large g theory, the relation
between Sp and § will be modified. For the toc correlator with any «, we can define an

2~ cos (CYSE) . (3.45)

effective inverse temperature Sg:

In general, Bg differs from Baux due to the added energy from the insertion of the operator.
Together with the relation between (..« and « derived in the previous subsection

sin (fBaux/2 + 27) = A sin (@faux/2) , /T = sina (3.46)
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and (3.42), we can eliminate Sa,x and obtain S as a function of S for the wormhole solution.
We show the results for in 13.

This solution for a(Sg) can be substituted into (3.41) along with

Up = ﬂaux/2 = (ﬁ + 5E)/2 (347)

the second
We can check that with the
above requirements, all the toc correlators obey the correct boundary conditions, e.g.

gtr(0,0) = gir(7,7), 9Lr(0, T) = gLr(7,0).

The last requirement just says that in the auxiliary disk solution,
quench site appears after a boundary time Saux/2.

We expect that the wormhole solution discussed above to be an approximate solution
to the large N equations of motion when the Lorentzian time T is large. To borrow the
Schwarzian language, the reason why we need this condition is that we have essentially
ignored “windings.” In the Schwarzian description, there are multiple geodesics that connect
two points; in general, a correlator will receive contributions from all of these geodesics
unless the wormhole throat b is very long (which happens at large T', see appendix D).
To state the issue in the large g formalism, note that we have described the solution in
patches (3.41), but actually the patches overlap. While the toc solutions are valid whenever
the two times are on the same side of a quench, the otoc solutions are supposed to be valid
“near” the quench site at u; = ug = 0. When the u; are near the opposite quench site, we
should use a similar ansatz:

o2 [ 2 1
exp (g'gtl‘oc(ul,ug)) = 72 sin (o (ug —us)+7vy)— M sin (a(ug—7))sin (a(us—7))

o2 [ _\2 172
exp (glc;t%c(UB;W)) = 72 sin (« (u3—ﬂ2)+’y)—MSin(a(ug—T))sin(a(ag—T))

(3.48)

We believe that the full solution to the large N equations of motion is close to a sum of the
two ansatzs the large o7 limit, with a sign appropriate for the periodicity /anti-periodicity
of the correlators. Summing the two ansatz only makes sense if the correlators are small
in the overlap region. For fixed 87, A < 1 this is satisfied if o1 > 1, since the correlators

~ a?e 20T A gimilar issue arises in

decay exponentially in the overlapping region ef
finding the double cone in SYK [4] and also for the finite temperature wormhole in the
coupled SYK model see also [26]. To check this more carefully, one would need to use a
different large ¢ approximation, discussed in [26] that is valid when the correlators G| are
small (and therefore |gi/q| > 1.) It would also be interesting to solve the finite ¢ G, X

equations numerically.
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Figure 13. The effective inverse temperature Sg as a function of 5 in units of 7. We show the
results for A = 0.9 and A = 0.5. The dashed lines are the Schwarzian predictions given by (3.44). At
very large 87, the growth is approximately linear Sg ~ (.

A regime where the solution simplifies is when 57 > 1 while keeping A < 1 fixed. The
wormhole correlators become

1
LL —
exp (gotoc(ul7 U3)) - (_(1 _ Az)j2u1U3 + Juiz + 1)2
1
exp (g{'oRc(Ul, U2)) - (j(u1 _ UQ) + 1)2 (349)
1

LR

P (QOtOC(U& u2)> (—(1 — AZ)j2U3u2 + Juss + 1)2

Notice that the correlator across the wormhole is maximal at u; = us = 0! This means
that the wormhole is basically what is depicted in the right side of figure 7. Since both
circles intersect the asymptotic boundary, we can interpret the figure as either having a
single boundary, or two boundaries that are infinitely long, where the two boundaries are
separated at asymptotic infinity. This wormhole solution can be contrasted with the disk
solution in the same limit. At large (1 — X\)?3 > 1, the wormhole relation is g ~ . On
the other hand, the disk in this limit gives Sg &~ /2. This means that for the disk, the
1-sided correlator G (0,5/2 +iT) ~ 1 is large whereas G g = 0. But for the wormhole
GLL(0,5/2 + 4T) is small, but the two-sided correlator G r(0,0) ~ 1. Such qualitative
behavior of the correlators seems to be roughly in agreement with the ¢ = 4, N = 20
numerics, see figure 4.

Note that our setup has various exact discrete global symmetries, which implies that
there are multiple wormhole solutions. These symmetries are the same as the ones for the
“ramp” in SYK [4], so we will be brief.First note that (—1)f and (—1)% generate a Zs x Zs
global symmetry, that leaves G| and Grg invariant but takes G| r — —Gr when only one
(—=1)F is applied. Thus any wormhole solution Gr # 0 spontaneously breaks one of the
two Zgo symmetries; further, the solutions come in pairs. For the large ¢ solutions, we should
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write Gir = +e9R/2 When ¢ is a multiple of 4, there is the additional symmetry Gir (t,t') —
1GLR (t, —t/) , GRrL (t, t/) — iGRL (—t, t,) ., GRrr (t, t,) — —GRR (—t, —t/) that should be
treated similarly.

Another setup in which one can study the wormhole of the journal analytically is
Brownian SYK. There, the journal contains a whole function’s worth of couplings {J;;x(t)}.
See appendix E.

4 Reconstruction with erroneous knowledge of the couplings

The goal of this section is to illustrate how bulk reconstruction using the boundary system
is affected by erroneous or incomplete knowledge of the couplings. The discussion will be
mostly qualitative. We will keep things simple and use the Petz Lite protocol of [32].

In the simplest setting of bulk reconstruction, one considers a “code subspace” of the
boundary Hilbert space that share the same bulk background geometry but differ in the
state of the matter. In our case, we consider a code subspace composed of perturbations
of the time evolved thermofield double state |5 4 iT’; J), where J labels the couplings of
the Hamiltonian H; used to prepare the state. We use |i; J) to denote the different matter
states spanning the code subspace. If we like, we can view i as some species index for a
particle in AdS. Note that we are not yet averaging over couplings.

We will take implementing successful bulk reconstruction to mean that there’s an
operator that can transition between any two states of the code subspace; for i, 7, k,[ in
some orthonormal basis, there exists an operator O;; such that

We use the approximate signs ~ to indicate that we are ignoring non-perturbatively small
effects from non-factorization wormholes, and also to account for the approximation of
using Petz lite. This condition is easily satisfied by constructing the “global” J operator,

OF; = 15; )53 J, (4.2)

Ji —

constructed out of the basis states of the code states. This gives the square of the norm of
the states:

<

(k; J\Oj]z‘\l;ﬂ = J X 0101 (4.3)

J

In this equation, the orange and green colors indicate the particle species (or equivalently
the index ¢ or j). The setting we want to consider is where we don’t know the value of
the coupling J in the Hamiltonian that’s used in preparing the code subspace, and we are
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tasked with finding an operator that transitions between two specified code words i and j.
This is risky because using a wrong value of the coupling, say J' instead of J, leads to an
eventual breakdown of the reconstruction:

<~

(G JNO% i Ty = (js J\g; I iy J'Jis Ty = 7 (4.4)

J

For J # J', the right hand side decays in time due to the backreaction of the shocks
(depicted in black) created by the sudden change in the boundary conditions. We showed
that in the case of JT + free boson BCFT model of section 3, that this decays exponentially

(J=J")2
s 2a/ 12

S cosh(wT/ ) (45)

.. J . ~
s J|OL iz ) ~ [

(We are ignoring the gravitational backreaction of the orange and green particles and
quantum Schwarzian effects, hence the ~ sign.) The reconstruction therefore fails at late
times, since the states prepared with different couplings become more orthogonal under
time evolution. This is the same effect that resulted in a unitarity problem, which hinted at
the presence of an island.

If we are given the knowledge of the distribution of the original couplings, then we
can do better. A natural procedure is to average the couplings in the operator over this
distribution. We can estimate the failure on average by also averaging over the couplings of
the system:

1 _ Brd m?

1+ —2—>1In [ﬂ COSh(?TT/,B)} Cor

m2a/m? e

(4.6)

/deJ’P(J)P(J’)(j; JO% i J) ~

At first sight it appears that the reconstruction fails, even on average, albeit more slowly
than if we don’t average. However, we note that this decay only depends on the statistical
properties of the couplings, and also weakly on ¢, (not shown here). This means we can
improve our reconstruction by simply scaling the operator by a time dependent factor
Cijm(T). We will take this to mean that the reconstruction is successful, at least on average.

However, there’s another, more severe way in which this operator can fail: the sum
over couplings enhances the contribution of a wormhole that connects the bra/ket of the
operator/state its ket/bra. This in particular means that “flipped” matrix elements which
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should vanish actually get a contribution:

(D

\

-

/deJ’P(J)P(J’)(z’; IO 15; Ty =~ -
‘U

Averaging over the same value of the boundary coupling is indicated by like colors. At

Q&

(4.7)

early times, this is a small contribution that only mildly violates our condition (4.1), but
at large times, when the disk is highly suppressed, it is comparable to the “good” matrix
elements (j;J |(93-]i/]i; J) that come from the disk (which are decaying). So, if we rescale
the operator to set the “good” elements ~ 1, we will also rescale these “flipped” elements
(g;J \(’)ﬂﬁ; J) ~ 1. Thus we see that this reconstruction attempt fails badly at late times.

Furthermore, even when the disk contribution to the “good” matrix elements is small,
there is not a substantial contribution from the wormhole since the bulk states in the throat
are orthogonal, and winding contributions decay exponentially in b ~ T. One can see
graphically that the overlap is zero by considering

.
/ deJ’P(J)P(J'w;J|oﬂ|z';=f>z 0. (4.8)

The red crosses above indicate the orthogonality of the bulk states. A similar use for
wormbholes was first pointed out in [32]. However, failure is not guaranteed because the
particles can pair up outside the branch cut:

/deJ’P(J)P(J’)(j; JIO% i J) ~

For such operators outside the horizon, the wormhole and the disk contribution give similar
answers, so there are no significant contributions to the “flipped” elements and rescaling
the operator with time should succeed.
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The right interpretation of this is that the entanglement wedge of the boundary develops
a blind spot in the bulk; the reconstruction fails because the particle falls into the island.
This island is the entanglement wedge of reference purifying the system, namely what
we’ve been calling the journal in the previous sections. With this interpretation, the
averaged operator used in (4.6) is nothing but the Petz lite operator, obtained by tracing
out the journal,

Offtz Lite _ Trjournal {/ dJ\/ P(J)P(J")|j; J)(i; J’|syS ® |J><J’\J-ouma| (4.10)
= [ TP 1 )i Tlsys (4.11)

We can adapt the above discussion to the case of having partial knowledge by defining a
reconstruction controlled by the result of measuring the couplings. This is just a controlled
Petz Lite,

Oji = Z Z P(/‘Lv ’{) |.]a K, :LL><,L’ K, /‘L|sys ® |l{><’{‘known (412)
Koo

O;?;etz Lite (H)

We note that this can be generalized to the case of full Petz with the replacement

O;ietzLite(H) N [ch;sie(ﬁ)}fi O;etzLite(ﬁ) [ch;csje(ﬁ)} 2 (4‘13)

where
T8 (k) = Try e [ILo II°%II 4.14
Sys ("Q = 1Ty x K/ K/ ( . )

is the trace over the couplings of the projector onto the code subspace when projected onto
a given value of the known couplings.

It is interesting to speculate how the failure of reconstruction due to islands manifests
itself in a theory with fixed couplings. Given that it arises from the emergence of an island
and wormbholes (as a result of averaging) it suggests that something like half wormholes [6]
are important for reconstructing the black hole interior. This suggests that we need to go
beyond semi-classical gravity to address the firewall question [33, 34].

Besides the Petz map, one can also try to use simpler methods of bulk reconstruction.
One option is to use the Maldacena-Qi Hamiltonian [26] which directly couples the left and
right sides.” In [26], they showed that the wormhole does not require perfect correlation
between couplings. This suggests that at early times, as long as the couplings are not too
uncertain, evolution with the coupled Hamiltonian will still lead to an eternal traversable
wormhole, which implies that the entanglement wedge of the two sides includes all of AdS.
At late times, the wormhole is very long, so the correlations between the two sides is not
strong enough to prevent the wormhole from growing. It would be interesting to understand
this more quantitatively.

"We thank Juan Maldacena for suggesting this direction.
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Figure 14. Island of the journal versus the island in the East coast setup. At late times, the
separation between the twists from the island are nearly null separated from the boundary twists. In
this OPE limit, one can approximate the entropy as the sum of two semi-infinite intervals discussed
in section 2.2.

5 Discussion

5.1 Bathing in the unknown

In the introduction of this paper we motivated the entanglement entropy between the
system and the journal as a measure of the uncertainty in the couplings, and we studied
its growth under controlled time evolution and its effects on the entanglement wedge of
the system.

Here we briefly motivate a different (but physically identical) picture of thinking of
the journal as a bath with which the black hole system interacts. This makes the problem
more analogous to the East Coast model [35], where the black hole interacts with a bath.
Just as an example, we can consider the SYK system. The Hamiltonian® on the combined
SYK and journal systems is

3

H= > Jirbihjorb + J?

N
1<j<k<l
Here we are using the undergraduate quantum mechanics “hat” notation to emphasize
that J is a quantum mechanical operator. The interaction is quite simple in a sense because
there is no conjugate momentum to J in the Hamiltonian; however, it is sufficient to transfer
quantum information to the journal. Then the formation of the island for the journal is
qualitatively similar to the formation of the island for the radiation, see figure 14.

8To reproduce a probability distribution over the couplings that is independent of 8, we will generally
need to include an explicit 8 dependence in the Hamiltonian.
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5.2 Evaporating BH + journal

It would be interesting to study how the state of the Hawking radiation of an evaporating
black hole is affected by the uncertainty in the couplings. A concrete case would be to
consider the “East coast” model where we have JT gravity + CF'T, joined to a flat space
region where the CFT continues. In addition to CFT; in the bulk, we could also have a
second CFTy that lives only in the black hole region. In other words, we have a boundary
condition J for CFTy that prevents any transmission into the flat space region. Furthermore,
we assume that in the semi-classical picture there is no interaction between CFT; and CFT,.

We get information about the state of the radiation by looking for the entanglement
wedge of the radiation. In this setup there are two systems, the radiation and the journal,
vying for ownership of the island. We can guess at the winner by comparing the rate of
entropy growth of the two systems. The first to 2Sppy wins. We found in section 2.1 that
the entropy of the journal grows only logarithmically, while it was shown in [36] that the
entropy of the radiation grows linearly time. Hence we believe that the radiation wins the
race, at least at first.

An open question is whether ownership of the island is ever transferred to the journal.
If it does get transferred, then one interpretation is that large uncertainty in the couplings
reduces the system to the semi-classical state; this would support the recent ideas connecting
premature ensemble averaging to Hawking’s calculation [37-39]. In the case that the island
doesn’t get transferred, then a possible interpretation is that the radiation alone purifies the
journal. This translates physically to the statement that the couplings can be determined
by the measurements on the Hawking radiation.

5.3 Spectral form factor

One kind of coupling that always exists is the overall normalization of the Hamiltonian .
This case is interesting because we can make contact with the spectral form factor. If the
overall coupling is uncertain, time evolution with Hy = AH and inverse time evolution with
Hy» = N H will not cancel by an amount T'(A — \’"). The Renyi-2 entropy of the journal is
therefore non-trivial:

tr (ei()\f)\’)HTf%()\Jr/\’)ﬁH) ‘2

trp? = / p(M)p(N)
= [ p0pY)

2 (5:2)

Z (;(A B+ — X)T)

Here we see that the Renyi-2 is essentially the time-averaged spectral form factor. The
specific kind of time-averaging depends on p(A). The fact that the spectral form factor
cannot decay to zero is just a consequence of the unitarity bound on this Renyi entropy.
Hence the “journal” perspective conceptually unifies Maldacena’s information paradox [40]
with the information paradox of evaporating black holes. Given that the plateau of the
spectral form factor is not explained by a single wormhole but doubly non-perturbative
effects [4, 19], one could wonder if such effects play a role in the entropy of the journal.
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5.4 Chaos and the Loschmidt echo

The lack of our ability to do bulk reconstruction even when there is a small uncertainty in
couplings is closely related to quantum chaos. In holography, one usually diagnoses chaos
using the otoc, e.g, we create a perturbation at some time in the past W(—T'), and watch
it grow. The perturbation is localized at some time —7'.

An alternative diagnostic of chaos is the Loschmidt echo. Both diagonistics involve
(backwards) time evolution exp(:¢H1T'), but in the Loschmidt echo, one changes the Hamil-
tonian going forward exp(iH2T") by a small amount Hy = Hj + €. So whereas the otoc is
a localized pertubation in time, the Loschmidt echo is completely de-localized. The simplest
diagnostic of chaos is the decay of the inner product

(V| exp(—iHoT) exp(iH1T) 1)) (5.3)

Clearly if Ho = H; this product does not decay, but in general it should decay and
then exhibit some erratic oscillations of order e=°. What we showed was that the disk
contribution leads to a decay, but wormholes are needed to explain the erratic oscillations.
We showed this for [¢) = |8, J1), [¢') = |8, J2) in SYK and in JT gravity, but we believe
that the lessons should be fairly general.

One can also study the size of the Loschmidt operator exp(—iH2T')exp(iH1T). At
infinite temperature, this is given by sandwiching the size operator ~ ;g with the state
exp(—iH2T) exp(iH1T) |0). To define a finite temperature version of size, we would need
to specify whether the thermal ensemble should correspond to H; or Hs, but for small
perturbations this is a minor detail. For large ¢ SYK, it follows from the disk solution at
A= 1 in 3.4 that the size grows exponentially with Loschmidt Lyapunov exponent

AL = 2a, (5.4)

e.g, the same Lyapunov exponent as the thermofield double. At low temperatures, the
maximal chaos exponent follows from the bulk picture and the relation between size and
the symmetry generators [41]. Indeed, in the bulk, a change in the couplings at time —7T°
inserts a matter shockwave; the gravitational backreaction is responsible for the exponential
growth in size. But we have calculated the exponent at finite temperature in the large ¢
theory, where SYK is not simply described by the Schwarzian mode.

An interesting question is whether one can argue for a bound on the Loschmidt Lypaunov
exponent Az, < 27/ along the lines of [42].

5.5 Singularity?

Our work shows that the black hole interior is quite sensitive to the precise values of
the couplings of the theory. Even ignorance about the irrelevant couplings appears to be
enough to prevent the interior from being reconstructed at late times. This is surprising
if we believe that irrelevant operators have small effects in the bulk. On the other hand,
irrelevant operators can have a large effect near the black hole singularity. In JT gravity,
one can show that the profile of a free scalar field with mass determined by A will diverge
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near the inner horizon except for integer values of A [41]. It is tempting to speculate that
the island associated to the journal that forms at late times is trying to censor us from
accessing the region near the singularity. Adopting the spirit of Penrose’s cosmic censorship
conjecture [43], if we do not have access to the UV couplings of the boundary theory, it
seems reasonable that we cannot reconstruct the region near the black hole singularity that
is sensitive to those couplings. This obviously deserves more study.

5.6 Janus’s journal

It would be interesting to consider the journal entangled to a “conventional” holographic
theory which has no disorder average. We could consider a situation the journal records
the value of A in A/ =4 SYM. An off diagonal element of the journal density matrix would
involve half of the thermal cylinder with one value of the gauge coupling ¢ and the other
half with a different value ¢’. For the vacuum state, this problem is rather well-studied:
one considers the Euclidean path integral on a sphere with gauge coupling ¢ on half of
the sphere and ¢’ on the other half [44-47]. The problem at finite temperature would
involve a path integral on a torus, with top and bottom halves of the torus differing [48].
It would be interesting to find wormholes in such a setup (or in other holographic setups
with well-defined string duals), as this would pose a sharp factorization problem in N = 4.
More generally, one can consider a holographic CFT; joined to a CFTy at some interface,
see [49-51] for some recent discussions. Our paper suggests that the square of such quantites
could have wormbholes.

5.7 Conclusion

We are usually taught that gravity is a universal force, e.g., that spacetime is sourced
by energy-momentum. What we seem to be learning here is that the spacetime in the
interior of the black hole is in some sense highly non-universal. This seems related to the
following equation:

P(firewall) = (5.5)

f !

2012 2019

What gravity doesn’t know, neither do we. . .

— 38 —



Acknowledgments

We thank Alexey Milekhin, Adam Levine, Venkatesh Chandrasekar, Alex Streicher, Yiming
Chen, Juan Maldacena, Edgar Shaghoulian, Douglas Stanford, Edward Witten, and Ying
Zhao for discussions. We thank Douglas Stanford for permission to reproduce his figure as
our figure 16, and Juan Maldacena for repeatedly threatening us to finish the draft.

A Compact free boson

In section 2, we considered the matter entropy of a non-compact boson, with Gaussian
measure over the Dirichlet boundary conditions. Another case we can consider is the
compact free boson X = X + 27r with the same action as in (2.13). The boundary
conditions we consider are again Dirichlet conditions on the free field, labeled by X. (For
a review of boundary states in the compact boson, see [52].) The boundary condition
changing operator has dimension

2T

1 /X1 —Xo+4 2mrw

){ wer. (A1)

In the compact case, there are actually infinitely many boundary condition changing
operators that change |X;) to |X2); in string theory this is the fact that an open string
ending on 2 D-branes can wind around the compact dimension w times. Then (2.12) becomes

L T e AKi—Xii1)2)2
Zn = G / i:rllXme (A.2)

We can evaluate this integral a la Fadeev-Popov by first fixing X; = 0, performing n — 1
integrals, and then integrating over X;. This gives

1 (2m)n—1
Z, = A3
(2mr)»=1Y detM \/ 27rAr2 (4.3)

In writing the above equations, we implicitly summed over windings. This seems to be a

choice that in principle might depend on UV regulator. The replica trick

S=_0, <loan)
n

- % log 2w Ar2 — /(1) (A4)

n=1

At large T, Ar? ~ 2::;2, S ~ Lclog(T/B)(r?/a’) for ¢ free bosons. When this entropy

exceeds the entropy of the quantum dots S ~ 25y there is a unitarity paradox. This
happens at

T ~ Be?%/eq /r2. (A.5)
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B von Neumann entropy for 2 boundary states

Consider a general BCFT with two boundary states, each with equal probability. We can
label the boundary conditions ¢ = 1 or ¢ = —1. Then A; will be some value § if the
boundary conditions change, or else it will be 0. We can write this as A; = %(amﬂ —1).
Now we are instructed to compute

J n
Zp = Cp Zexp (—2 ZO’iUi+1 — 1) (B.1)
(o] i=1

This is an Ising model on a periodic lattice with n sites. Using the standard transfer matrix,

Z() = (1=e77)" + (14+e77)", (B.2)
1
S = (1 —0y)log Z, = ) log (1 — 6_2J) —e ' coth™ <6J> + log(2) (B.3)
This expression is real when e’/ > 1. Notice that J — oo, we get S, = log2. So if we

have a very long interval, the matter entropy just reflects the uncertainty in the boundary
condition. (The entropy of the Journal is saturated.) In writing this expression, we assumed
that ¢; = 1 and that d,,¢|,—1 = 0. The first condition is easy to justify but the second one
is a bit mysterious.

More generally, we could choose the boundary conditions ¢; to appear with different
probabilities. Then we would give an Ising model in a magnetic field.

C Zero temperature island

A case where we do not need to take the OPE limit is the zero-temperature or extremal
limit. The geometry in this limit becomes the Poincaré plane:

ds* = (da® + dy®) [y?, y € (e,0) (C.1)

The Schwarzian boundary is located at y = € and the Poincaré horizon is at y — co. The
BCFT bulk-boundary 2-pt function in these coordinates is

_ ’ yAeAB
<O(h,0) (y)O(O,h) (y)O(hb,hb) (33 )> ~ (QZ)A_AB (y2 + xQ)AB (02)

Here we have included the warp factor 2 ~ 1/y for AdS. Notice that when the boundary
dimension vanishes Ay = 0, this correlator is independent of y, as required by symmetry.
For our application, we take the bulk operator to be a twist and the boundary operator to
be a boundary condition changing operator. When the separation x = 0, we get ¢, (€e/ y)A"’.

For the case of 2 boundary states, we have e/ = ye®. So the limit J — co corresponds
to an island that is very close to the Poincaré horizon. For a free boson,

loa(a
Sy = OgQ(a) +v4a + Lcoth™t (\/4a + 1) +1-2¢

a ~ log(y/e).

(C.3)
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D Renyi-2 entropy for a marginal journal

In this subsection we consider the problem of evaluating the integral (3.2) for a marginal
deformation A = 1:

2 / /
Xo [*“ ok ' (up)t' (u2)
_Im = S d d

27T /0 “ ~/(; U2281n2 (W) (Dl)

To evaluate this integral, it is convenient to work in Poincare coordinates f(u) = tant(u)/2
instead of Rindler coordinates (u):

f(ur) f'(u2) 1 (D.2)

—I, = /dm duo [(f(m) ~ f(u2))2

One subtlety about this integral is that we need to regulate the divergence coming from
t1 — to. A simple regulator is to restrict the integration domain to the region |u; —ug| > e:

_[—z/ou*_edug /uHedm [(f{;ff)lzj;ézz;p}
S A e rm e e

o R e i

2 Lo (1) = (1)~ Lol F(0) — (1))~ 5 og((1.)) + 5 1B (0) e

~2 B log(EQf/(u*)f/(())) —log(f(0) —f(u*))—l-u*e_l}

2f' () £(0) ]
— (2u./e)+log | 2T
(S8 | () 0)?
(D.3)
Mapping back to Rindler coordinates,
)
- —I Ux [ € EQt,(u*)t/(O)
ol — =16 _ 2u/ [2sin2 (t(U*)Q_t(D)J . d=x3/(2m) (D.4)

In SYK, we expect € ~ 1/J, since the thermal two-pt function goes like (87 )y"A. In
computing the overlap between states, we should normalize the states, e.g., &%2’7%. The
denominator (xo|xo) gives a similar factor, except that u, — 2u, and f = 2u, since we
turn on the source over the entire thermal circle (both the bra and the ket). Using the

same regulator as above, the denominator gives

(D.5)

)

U e€2t/(u*)t,(0) ’ U0 /€
{Xolx0) ~ l -0/ WO))Q] ~ et/
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So the effect of the denominator is to remove the 1/e divergence to the matter action. We
conclude that the normalized overlap is

, (D.6)

<X0|0> . 1 / Dt e—SCh(t) €2t/(u*)t/(0)
V(010) (xolx0) 2u,)J SL

- 9 gin2 (t(u*)Q—t(O))

where Z(f3) is the Schwarzian thermal partition function, see [53]. For the SYK model, we
expect that the UV regulator € ~ 1/7 since the thermal two-pt function goes like (87)™%
For JT gravity at finite cutoff, € should be related to the JT cutoff (ds/du)? = 1/e%,. Here
we are imagining evaluating (D.4) with the classical thermal solution ¢(u). However, our
entire derivation also applies for off-shell ¢(u). Hence a more accurate answer would be
obtained by integrating (D.6) over all paths ¢(u) with the Schwarzian action (D.6). Such
an integral can be performed exactly, see e.g. [22-25].

As a warmup for the wormhole, we can consider the thermal circle and turn on
the source in two intervals, [u1,us] and [ug,us]. This will clearly give a 2-pt function
(O(u1)O(u2)) (O(u3)O(u4)) when u and u’ are both in the same interval. But we will also
get a contribution when wu,u’ are in opposite intervals. There will be no divergences from
this region of integration. We get

. u2 ui o f ) f ()
N N [(f(U) P >>2]
— 910 fluz) = f(ua)] [f(u1) — flus
=2l g([f(w) —f(ug)} f(ur) — fuaq) ] (D7)
o1 (f(U2) flug) f'(u2)f'(uz) flur) — fus) f'(ur) f'(ua) >6
fr(u2) f'(ug) flug) = fuz) f'(ur) f'(us) flur) — f(ua)

Including the contribution from the two intervals, we get

- C(Uzaus)c(ul,w))
fm D.
e C(uy,uz)C(ug,uq) <C(u2,u4)C(u1,U3) (D.8)
Here C(u;,u;) denotes the 2-pt function of a boundary primary of dimension 4:
1)
TRy T
(f (us) = f(uz))

Let us consider the OPE limit uy — ug (on a circle, this is also equivalent to u; — uy).
Then we get the simplification

e Im ~ C(ug,u3)C(u1,us) (D.10)
Similarly in the OPE limit for the opposite channel u; — uo or us — ug4:

e~ Im ~ Cluy, u2)Clusz, ug) (D.11)
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So we see that in the OPE limit, the effect of the couplings is to insert a product of conformal
2-pt functions. We can think of this as inserting a pair of “domain walls” in the bulk. In
the extreme limits, the domain walls will prefer to link up to their nearest partner.

More precisely, note that Ci2 o exp (—ddi2) where d is the renormalized geodesic
distance in the bulk between u; and us. So when djo < di3,d14 we get the first OPE limit,
and similarly for the other limits.

Finally, note that one can generalize this computation easily to n; > 2 intervals. In
particular, since the matter action is bilocal in times, we will need to just consider each
pair of intervals:

_ “ C(up2,uc1)C(up1, uce)
eI~ Clual,ug) X ( d d > . D.12
};[1 (war, u2) BE[C Cupz, uc2)C(up1,uct) (D-12)

In this expression, A, B, C' index the intervals; the endpoints of the interval are denoted by
A =[Al, A2].

D.1 Renyi-2 wormbhole

First consider the double trumpet geometry:
b 2
ds® = dp?® + (2) cosh? pdf?,  pe (—o0,00), 6 ¢€|0,2n] (D.13)
T
This is conformally related to a cylinder of length 7 and radius b:

do?+ (%)2 d6>

sin? o ’

ds? (D.14)

o€ (0,m), 6¢€]l0,2n]

To specify a cutout shape, one needs to specify some 0y (u) and 6 (u). We are interested in a
setup in which the left circle has boundary conditions x(uy) and the right circle has boundary
conditions x(ug). More specifically, x(ur) is constant and non-zero in some time interval
[0,u] and similarly for the right hand side. Now we can view the double trumpet (D.13)
as a quotient of AdS, by a global time translation e’*F. If we consider the universal cover
of the double trumpet, we get the picture: We can evaluate the matter partition function
by going to the universal cover. What started out as a 2-interval computation on the
cylinder becomes a computation involving infinitely many intervals. However, we can still
apply (D.12). However, we claim that in the large Lorentzian time limit, we are in the OPE
regime where (D.12) will just give

eI~ CEFR (g, ug)CF P (ug, us). (D.15)

We will assume that this approximation holds; calculate the backreaction, and then check
that our approximation is self-consistent.
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Figure 15. Here we display the fundamental domain of the double trumpet geometry (dark gray),
as well as some of its images (lighter gray). We also show the parts of the boundary where a source
is turned on (red) and its images (lighter pink).

To understand why this is the case, consider the expression for the matter action in
these coordinates:

/ /
_I;;vlormhole _ i/duL duR QL(UL)HR(UR) XL(UL)XR(UR)
2w ))

2 cosh? (% 9L(UL);9R(UR

1 / 1 (w)b7, (u') '
o / duda | =y x(w)xz () (D.16)

1 /
* %/dudu 2 ginh2 <LM

The above formula is slightly imprecise since 8 is a periodic variable. In principle we should
sum over all windings 6 — 6 + 27n. However, we see that if b is very large, only a single
winding will dominate.

Here p is the radius of the circle; the circumference of the circle defines an effective

inverse temperature Sg,
27 sinh p = Bg/e (D.17)

where € is the JT regulator. The relationship between the parameters {8g,z,y} and the
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start with a circle of radius translate to the right translate upwards we end up with this

p in the hyperbolic disk T1(x) Ty(y)
repeat with opposite translations focus on the shaded region, glue another copy on top
erase some stuff we don't need to make a cylinder

([

f

Figure 16. (Adapted from [27] with permission). This gives the cut-and-paste construction of
the wormhole [27] that contributes to the Renyi-2 entropy. In Stanford’s context, the wormhole
arises from inserting 2 pairs of operators; in our context, these operators are boundary condition
changing operators that arise from turning on a marginal source. At large Lorentzian times, we end
up with essentially the same wormhole. If we already know the 2-operator disk solution, a “shortcut”
procedure is to start with the solution on the bottom left, with some auxiliary inverse temperature
Baux- When we “erase some stuff we don’t need,” we are left with a boundary of length B.ux — SBE-
After gluing to a second copy, we get the constraint § = Baux — BE-

physical inputs {3, 7,0} is given in [27], equation (B.14-16):

tan <27;i> = 6;% (D.18)
Brd 2
sinh?(y) = M (D.19)
1+ tan? ([TE)

(1 () 0+ ()
1 (22)" 4 tan? (52)

In the small 63 limit, 5% = 728/5. Now we can check that our approximation is self-

cosh?(z) = (D.20)

consistent. At large 7,

E BEd

Here 7, can be interpreted as the scrambling time 7, ~ fg/27 log £ A . So at large times
the wormhole is large and we expect the approximation to be valid.

. ﬁE 27
b=4y~ 5 (T—27), Tu= < ) (D.21)

Another regime we can explore is the extremal limit 5 — oo, 7 = 0. We also need to
decide how 9§ scales in this limit. The simplest case is ¢ held fixed. Then 73/(20g) ~ 7/2
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so in this limit B ~ B. Furthermore, y ~ log 3, so at least classically the wormhole is
getting large.

A useful parameter is the amount 7, of the Sg circles that overlap, which governs the
distance between W; and Wg, or equivalently Vi and Vgi. Consider the case 7 = 0 for
simplicity. The disks of circumference Sg that are used to build the solutions are always
cut along a geodesic that passes through the center of the disk, such that there is no
discontinuinty in the bulk geometry. So requiring that the total boundary length is 23 gives

Ta = (Be — B)/2. (D.22)

- 25
(VLVR) ~ (WLWR) ~ <5E . (WTa/BE)) (D.23)

To evaluate the action more carefully, we can follow [31].

Furthermore, the distances

eP1z <§Ti>2 sinh? (ﬂT;J (—iTq + t12)>
ePs (267i>2 [z sinh <5Et13> + ﬁ sinh <5Et1> sinh <5Et3)]2 (D.24)

P2 ~ (ﬁl) [Sinh (5]27—13> + m@ sin <5E Ch TZ)) sin <ﬁ7;7-3>r

An interesting limit of these formula is when 8 — oo with § held fixed. Then 7, — 0
and Bg — oo.

8D12 ~ (t12/26)2

tiy 0, \? (D.25)
D13 3 — it )
e ( 9 + e 13

This agrees with the large ¢ wormhole in the appropriate limit, see (3.49).

E Brownian SYK

in this section, we compute the Renyi-2 entropy of the journal, where the journal records
the entire history of couplings {J;;xi(t)} for Brownian SYK. So the Hilbert space of the
journal is that of a (JZ ) “fields” and not just that of a collection of point particles.

E.1 Decorrelated spectral form factor

Let us start by considering a simple generalization of the spectral form factor as a warmup.
Usually in Brownian SYK, we write (|Z(T)[?), = (trUs(T)trUs(T)~'), where (---),
means to disorder average over J with the appropriate Gaussian measure. Here we consider
the quantity (tr U;(T)U(T)~1) 7.y Where we disorder average over J,J’ with a Gaussian
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measure that correlates J and J' by an amount r = (JJ').

<trUJ(T)UJ/(T)_1> %/DGDZexp{—];[/OTdt

2qJ (21(1 —qu(t)q) +E(t)G(t)} }

x [ DYDY exp {—; / "t [wP 0 0 B () 5)| }
0

(E.1)
Here we are thinking of the L system as one of the U(T")’s and the R system as the other
U(—T'). THe second line computes the trace over an L U R of 2N fermions.
If we now consider time-independent solutions, we get a simple action

T JT o JT T
4LR> - ﬁ + TZq7GER - 2E|_RG|_R:| } (E2)

exp {N [log (2 cos
Let’s set J =1 from now on. We get the equations of motion
G =—(1/2)tan(2T/4),  1GT'r =%/2 (E.3)
This gives
2/2 = rif (=1/2)7  tan (XT/4)TY,  rie279=%
o = tanh?™! (orT279) (B4

There can be at most g + 1 solutions to the above equation. Let us consider the case ¢ = 2
for simplicity. We get three solutions when r7'/4 > 1. We get only 1 solution, G = 0 when
rT'/4 < 1. The solution G = 0 gives the exponential decay.

JNT
(Z1(T)Z2(=T)) gipp ~ €xp (N log2 — q2‘1) (E.5)
For large values of rT', we get a different solution o = F1 or
] T4
GLlr = Zti, YR = 432(]7_2 (EG)

For the usual spectral form factor, these solutions give us an action that is independent of
T (for large T'). However, r < 1 these solutions predict an exponential decay:
—NT(1—- 7’)]

T (E.7)

(21D 2a(=T)) s ~ o0 |
So we get an exponentially decaying term. Note that this formula is valid when 7T > 1.

E.2 Journal disk

Now consider the problem we are actually interested in, the Renyi entropy of the journal.
Let us start by finding the disk solution. Then we just need to consider (tr U;(T)U; (T)).
The difference between this setup and (E.1) is the just the choice of boundary conditions.
Instead of the second line in (E.1) computing a trace, we should write

2N/2 (0] exp </ Hdt) 10) = 2N/2 (eiiTz)N (E.8)
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Note the normalization 2V/2 = tr 1. We are left with an action

TS JT JT T
_ d. " (Y9 _
exp {N [ g TG QEG]} (E.9)

Extremizing the action gives

G=4=i/2, Y=irJGT ! =%rJ] (E.10)
The on-shell action is
—JT(1 =
Z ~ exp [M} (E.11)
q21

We see that this disk solution will actually conflict with unitarity at late times 1. Note
that when r = 0, the top and bottom disk are independent. This is equivalent to the usual
Brownian disk with 27T'. Indeed, from SSS we see that the disk has an action

JI'N
1~ 9V/2 _
Zdisk ~ 2 exp{ 5q27 } (E.12)
To be a bit more explicit, consider a two-point function
G(T',T) = tr (U(T");U(T);) = (1| UT) 4 U(T) ) 1)
= —i (1 U(T") yffU(T) 1) (E.13)

= —iGLR.
The first line is true for any maximally entangled state |1). In the second line, we specialize
to the choice J_ |1) = (wL + i¢R> |1) = 0.
E.3 Wormbhole

At long last, we find the wormhole. Actually for r = 0, we have already found the wormhole
in the form of the Brownian “ramp” solution. More generally, we need to introduce 4 sides
L1, Lo, Ry, Ry such that Ly and Lo are perfectly correlated but L1 R; are correlated by an
amount r.

We will have a quadratic fermion action

/ DYDY exp {—; /0 Ca [Nl — P ey )2 (1)] } (E.14)

It is possible to diagonalize the anti symmetric ¥ matrix, so we could try to find
constant solutions. To reduce the number of variables, we could try an ansatz

YL1R2 = XR1L2,
Yrir2 = —XR1R2, (E.15)

YL1R1 = XIL2R2

This is motivated by the UV property ¢, |1) = —itpr |1) , ¥R |1) = ir [1).
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At large times T', we expect that only the smallest eigenvalue will matter.

T 2JT . 2JT
—S=N5 \/5%L2R+5%L2L*5%L1R*7q2q +lq7q (rGlper+rGipiptGirer) —TZaG A

(E.16)

We find two solutions of this action Giro;, = £1/2 which leads to an action that is
independent of time. For this solution |G1ger| = 1/2 but all other correlators are zero. So
it looks the wormhole is “made” of disks, just like the large ¢ SYK wormhole.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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